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Abstract

The paper studies the computational complexity and approximation algorithms for a new
evolutionary distance between multi-chromosomal genomes introduced recently by Ferretti,
Nadeau and Sankoff. Here, a chromosome is represented as a set of genes and a genome is
a collections of chromosomes. The syntenic distance between two genomes is defined as the
minimum number of translocations, fusions and fissions required to transform one genome into
the other. We prove that computing the syntenic distance is NP-hard and give a simple ap-
proximation algorithm with performance ratio 2. For the case when an upper bound d on the
syntenic distance is known, we show that an an optimal syntenic sequence can be found in
O(nk + 20(d2)) time, where n and k are the number of chromosomes in the two given genomes.
Next, we show that if the set of operations for transforming a genome is significantly restricted,
we can nevertheless find a solution that performs at most O(logd) additional moves, where d
is the number of moves performed by the unrestricted optimum. This result should help in the
design of approximation algorithms. Finally, we investigate the median problem: Given three
genomes, construct a genome minimizing the total syntenic distance to the three given genomes
and compute the corresponding median distance. The problem has application in the inference
of phylogenies based on the syntenic distance. We prove that the problem is NP-hard and design
a polynomial time approximation algorithm with a performance ratio of 4 + € for any constant
€> 0.

1 Introduction

The definition and study of appropriate measures of distance between pairs of species is of great
importance in computational biology. Such measures of distance can be used, for example, in
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phylogeny construction and in taxonomic analysis.

As more and more molecular data becomes available methods for defining distances between
species have focused on such data. One of the most popular distance measures is the edit distance
between homologous DNA or aminoacid sequences obtained from different species. Such measures
focus on point mutations and define the distance between two sequences as the minimum number
of these moves required to transform one sequence into another. It has been recognized that the
edit-distance may underestimate the distance between two sequences because of the possibility that
multiple point mutations occurring at the same locus will be accounted for simply as one mutation.
The problem is that the probability of a point mutation is not low enough to rule out this possibility.

Recently, there has been a spate of new definitions of distance that try to treat rarer, macrolevel
mutations as the basic moves. For example, if we know the order of genes on a chromosome for
two different species, we can define the reversal distance between the two species to be the number
of reversals of portions of the chromosome to transform the gene order in one species to the gene
order in the other species. The question of finding the reversal distance was first explored in the
computer science context by Kececioglu and Sankoff and by Bafna and Pevzner and there has
been significant progress made on this question by Bafna, Hannenhalli, Kececioglu, Pevzner, Ravi,
Sankoff and others [2, 3, 8, 11, 12, 13]. Other moves besides reversals have been considered as well.
Breaking off a portion of the chromosome and inserting it elsewhere in the chromosome is referred
to as a transposition and one can similarly define the transposition distance[4]. Similarly allowing
two chromosomes (viewed as strings of genes) to exchange suffixes (or sometimes a suffix with a
prefix) is known as a translocation and this move can also be used to define an appropriate measure
of distance between two species for which much of the genome has been mapped [10].

Ferretti et. al.[6] proposed a distance measure that is at an even higher level of abstraction.
Here even the order of genes on a particular chromosome of a species is ignored/ presumed to be
unknown. It is assumed that the genome of a species is given as a collection of sets. Each set in
the collection corresponds to a set of genes that are on one chromosome and different sets in the
collection correspond to different chromosomes. In this scenario one can define a move to be either
an exchange of genes between two chromosomes, the fission of one chromosome into two, or the
fusion of two chromosomes into one. The syntenic distance between two species has been defined
by Ferretti et. al.[6] to be the minimum number of such moves required to transform the genome
of one species into the genome of the other.

Notice that any recombination of two chromosomes is permissible in this model. By contrast,
the set of legal translocations (in the translocation distance model) is severely limited by the
order of genes on the chromosomes being translocated. Furthermore, the transformation of the
first genome into the second genome does not have to produce a specified order of genes in the
second genome. The underlying justification of this model is as follows. For many organisms, the
information (physical map) which specifies the order of genes within chromosomes is not known,
but the distribution of genes among chromosomes is known. Given this incomplete information
that is available, it is still important to compute evolutionary trees based on genomic events, which
leads to the study of the syntenic distance.

Ferretti et. al.[6] provide a heuristic that attempts to compute the syntenic distance and provide
empirical evidence of the value of this distance measure. In this paper we attempt to put the notion
of syntenic distance on more formal foundations. To wit, we show the following results.

e The syntenic distance is, in fact, a distance.



e An optimal sequence of moves can be assumed to occur in a canonical order with fusions
preceding translocations, preceding fissions.

¢ The problem of computing the syntenic distance is NP-hard.

e There is an approximation algorithm that achieves a factor of 2 approximation to syntenic
distance.

¢ Computing this distance is fixed parameter tractable.

o When the set of moves is significantly restricted, there is nevertheless an optimal sequence of
restricted moves whose length is not much more than the length of the unrestricted optimal
sequence.

o The problem of computing the median genome, for a given set of 3 genomes, is NP-hard and
admits an approximation with ratio 4 4 ¢ for any constant ¢ > 0.

These results will be described in the sections that follow. Let A~!(m,n) denote the inverse
of Ackerman’s function over the two integer variables m,n > 0 (e.g., see [5, page 452]). A=!(m,n)
grows very slowly with m and n.

2 Notation and Preliminaries

For the purpose of this paper, a genome is a collection of k subsets (called synteny sets or chromo-
somes) of a set of n objects (called genes). A genome mutates by one of three simple moves; these
are the translocation, fusion, and fission.

Definition 2.1 Let S, 59,11, Ty be sets such that at most one is empty and such that Ty UTy =
S1 U Ss.

(a) If S1,S52,T1,T> are non-empty then (S1,S2) — (T1,T2) is called a translocation of S7 and Ss.
(b) If S2 is empty then S1 — (T1,Ts) is called a fission of 5.

(¢) If Ty is empty then (S1,S2) — T1 is called a fusion of S7 and Ss.

Given two genomes G; and G, over some gene set! 3, the syntenic distance from Gi to Gs,
denoted D(G1,G2), is the minimum number of moves needed to transform G; into Gs.

Proposition 2.1 D(Gy,G2) = D(Gs,G1).

Proof: Given an optimal sequence of moves from G; to Gs, it is easy to reverse every move (the
reverse of a fusion is a fission and vice versa) to get an optimal sequence of moves transforming G

to gl. .

It follows from Proposition 2.1 that D defines a metric over the set of genomes over ¥ (reflexivity
and triangle inequality of D are obvious).

TAs explained in [6], if G1 and Go are over two different gene alphabets X; and X;, we remove all the genes in
31 @ X5 from both G; and G2 while computing the syntenic distance, where & is the set symmetric difference operator.



Lemma 2.1 Let G1, Gy be an instance of syteny. Then there is a sequence of moves o = (01,...,0.,)
such that m = D(Gy,G2) and every fission occurs after every translocation and fusion.

Proof: Let ¢ = (01,03,...0.,) be an optimal move sequence. If every fission occurs after
every translocation or fusion we are done; so assume not. Let ¢ < m be the largest index
such that o; is a fission preceding a translocation or fusion. We give a new optimal sequence
(01,-+,0i-1,0},0. 1,0:y2,...,0,) Where o] is a translocation or fusion and o}, is a fission. Re-
peating the argument eventually yields the desired sequence.

Assume that o; is the fission S;U Sy — (.51, S2) and 0,41 is either the fusion (T1,T>) — T1UT,
or the translocation (T1,T2) — (Ty,T4). If neither T; nor T is created by o; we can simply
swap o0; and ;11 to yield the desired sequence. Thus we need only consider the case where,
without loss of generality, 51 = 77. Then we claim that ;1 is a translocation; otherwise we could
replace o; and ;41 by (51U S, T2) — (S2, 51 U Ts), reducing the number of move by 1, which
contradicts the optimality of o. Finally, since ¢4 is a translocation, we can replace ¢; and ;4
by o} : (51U 82, T2) — (T{ U S2,T3) and ., : T{ U S — (T4, S2) to yield the desired sequence.
[

Note that the number of translocations, fusions and fissions is preserved in construction of the
previous proof. Thus we get the following corollary.

Corollary 2.1 Let G1,Gy be an instance of synteny. If there is an optimal move sequence with
my translocations, ms fusions, and ms fissions, then there is an optimal move sequence with my
translocations, mo fusions, and ms fissions in which all fissions come after all translocations and
fusions.

Lemma 2.2 Let Gy, Gy be an instance of synteny. Then there is a sequence of moves o = (01, ...,0m)
such that m = D(G1,G2) and such that all fusions come before all translocations which come before
all fissions.

Proof: Let o = (01,03,...,0,) be an optimal move sequence. If there are no translocations or
fusions we are done. If not, by the Lemma 2.1 we may assume that all translocations and fusions
occur before all fissions. Let ¢ be the index of the last non-fission in the sequence and let G’ be the
collection of sets after the i-th move. Since o is optimal D(Gy,G’) = ¢. Using Proposition 2.1 and
Corollary 2.1 (on the problem of transforming G’ to G;) there is a move sequence that transforms G,
into G’ consisting solely of fusions and translocations in which the fusions occur first. Concatenating
this sequence with 0,41, ..., 0y, yields the desired move sequence. [ |

Remark 2.1 The observation in Lemma 2.2, namely that there is always an optimal sequence of
moves that consists of fusions followed by translocations followed by fissions, was also made (in the
context of genomes where gene order is known) by Kececioglu and Ravi [10].

2.1 The Compact Representation of Synteny

For our subsequent proofs it is easier to deal with the compact representation of the synteny problem
as described in [6]. Assume that the genomes G; and G, contain n and k sets, respectively. Then,
the compact representation of G, with respect to Gy is defined as follows: replace the ** set G1; of
Gy by the set Gll,i = {i} for 1 < i < n, and for every set G5 ; occuring in G, for 1 < j < k, replace
G,; by the set G ; = Ugzeg, ;{{ | # € G14}. Let G; and G; be the two modified genomes.

4



Lemma 2.3 D(G1,Gs) = D(G],35)

Proof: Let £ be an element of G/2,j which is a set in G}. We can think of this element £ as the
element (£,j) to remember its origins. We associate the set G714 N G2 ; with the element (¢, j).
Now we can simulate a move sequence transforming G} to G; by a move sequence from G» to G;
as follows: Maintain a 1-1 correspondence between the sets in G and the sets in G5 at all times.
Whenever there is a move involving an element (£, j) simulate this move in the unprimed domain
by making the set Gy, N G2 ; go wherever ({,j) goes. Note that if the operation in the primed
domain is a translocation or a fission, there might be some ambiguity if £ is present in both output
sets. In this case, we will let G1 4 N G2 ; go to both output sets as well. Since ultimately the move
sequence in the primed domain must end with all the £’s being unified and isolated from the other
elements, the simulation will produce the set G 4 in the unprimed domain.

Conversely, we can simulate a move sequence in the unprimed domain as follows: Again we
maintain a 1-1 correspondence between the sets in G, and the sets in G5. Whenever an element
z € G ; is acted on by some move, we let the element £ € G’M be acted on in the same manner,
where £ is such that ¢ € Ga; N G14. The only issue is if there is a fission or a translocation and
there are elements z and y in G ; associated with the same £ which get separated by the move.
In this case, we let £ be present in both output sets. Since # and y must ultimately be united, the
two copies of £ will ultimately be merged.

This shows that D(G1,G2) = D(G1,G5).
[ |

We state an obvious fact about the optimal move sequence. Without loss of generality we can
assume that no element is present in both output sets of a translocation or fission in an optimal
move sequence.

We can alternatively define the synteny problem using the compact representations of genomes
as follows.

Definition 2.2 Given a collection S(n,k) of k (not necessarily distinct) sets Si,..., Sk, Si C
{1,2,...,n}, the synteny problem is to compute the minimum number of mutations, denoted by

D(S8(n,k)), to transform S to the collection {{1},{2},...,{n — 1}, {n}}.

The dual of S(n, k) = ({a1,as,...,an}; S1,...,5%) is S'(k,n) = 51,..., 5., where S; is a subset
of {1,...,k} and j € S/ & ¢ € S;. The goal in the dual problem is to produce the collection
{1},..., {k}.

Proposition 2.2 follows from Proposition 2.1.

Proposition 2.2 Let §'(k,n) be the dual of the synteny problem S(n,k). Then D(S(n,k)) =
D(8'(k,n)).

The following proposition gives a time bound for transforming a given instance of the synteny
problem to its compact representation.

Proposition 2.3 Assume that the genomes Gy (resp. Ga) contain n (resp. k) sets. Also, let
t be the total number of elements in either G1 or Gy (i.e., Gi (or G3) contain (disjoint) subsets
of {1,2,...,t}). Then, the compact representation of G with respect to G can be computed in
O((t + kn)A™1(t, n)) time.



Proof: First, scan each set GG1; of Gy, storing for each element z € G ; the index 7 of the set in
g1 in which it appears. This takes O(¢) time. Then, do the following:

For every set G5 ; of Gy do

Perform n MAKESET operations to create n singleton sets {1}, {2},...,{n} corresponding
to the n indices of the n sets in G;.

Union together the indices of the sets in G; in which the elements of G5 ; appear by doing
|G2.;| SET-UNION operations (one needs to check first, before every SET-UNION, if
the two sets on which SET-UNION has to be performed has already been subject to a
previous SET-UNION, by doing two FIND-SET operations).

For every element in G ;, do a FIND-SET operation, to find and collect all the indices of
sets of G; which occur in the same set of G, thereby constructing the set G’27j.

For each set G2 ; € G, we do at most 4|G5 ;| + n set operations on sets containing a total of
n elements. Using both union by rank and path compression heuristics, the time taken for each
set Gaj is O((4|G2 4| + n)A71(4]|G2 4 + n,n)) = O((|G2,4| + n)A™ (4t + n,n)) (see [5, page 449]).
Hence, the time taken for all the sets in G is at most O(((E?Zl |G2;]) + kn)A™1 (4t + n,n)) =
O((t + kn)A™1 (4t + n,n)) = O((t + kn)A~1(¢,n)). [ |

Henceforth, unless otherwise mentioned, by synteny problem we refer to the compact represen-
tation of the synteny problem. By Proposition 2.2, it is sufficient to consider an instance S(n, k)
of the synteny problem with n > k, since otherwise we can solve the dual problem.

Definition 2.3 Given an instance S(n, k) of the synteny problem, the synteny graph G(S(n,k))
includes a vertex for each set of S(n,k). Two wvertices are connected by an edge if and only if
their corresponding sets in S(n, k) have a non-empty intersection. If G(S(n,k)) has p connected
components (where 1 < p < n), we will simply say that S(n, k) has p components. If G(S(n,k)) is
connected we will say that S(n, k) is connected.

Proposition 2.4 Let S(n, k) be a synteny instance with p components. Then, D(S(n,k)) > n—p.

Proof: Let o = (01,...,0,,) be an optimal move sequence for S(n, k). Let Sy = S and let S; be
the synteny instance obtained after the first ¢ moves. Obviously, Sy has p components and S, has
n components. Now, we show that S;;; has at most one more component than §;. This will follow
provided we can show that any move can produce at most one more connected component and can
be seen as follows:

Let the move be (S1,52) — (T1,T2) (where at most one of the sets is empty). This move
removes 57 and S5 from the vertex set of the associated graph and introduces the vertices 77 and
T>. (Of course, if any of these sets is empty, there is no corresponding vertex for that set.) If in the
new graph we join vertex 7y and T5 by an edge, it is clear that the new graph has at most as many
components as the old one. (Any path in the old graph passing through S; or S can be mapped
to a path in the new graph passing through 77 and/or T3.) Finally, removing the edge from T} to
T, increases the number of components by at most 1.

Thus, D(S(n,k)) =m > n —p. |



3 NP-hardness of the Synteny Problem

In this section we prove the following theorem.
Theorem 3.1 Computing the syntenic distance exactly is NP-hard.

Our reduction will use two problems, the largest balanced quasi-independent set (LBQIS) prob-
lem and the largest balanced independent set (LBIS) problem for bipartite graphs, which are defined
as follows:

PROBLEM: Largest balanced independent set (LBIS) problem.

INPUT: A connected bipartite graph G = (U,V, E) with |U| = |V| = n and positive integer k,
1<k <n.

QUESTION: Does there exists U' C U, V' C V, |U’| = |V'| = k, such that (v/,v') ¢ E for any
weU andv e V'?

PROBLEM: Largest balanced quasi-independent set (LBQIS) problem.

INPUT: A connected bipartite graph G = (U,V, E) with |U| = |V| = n and positive integer k,
1<k <n.

QUESTION: Does there exists U' C U, V' CV, |U’'| = |V'| = k, such that for some permutation

uy, Uy, - . ., Uy, of the vertices in U’ and some permutation v{, vy, . . ., vy, of the vertices in V', (u;, v}) ¢
FEforanyl1<i<kandi>j?

The LBIS problem is known to be NP-complete[7, page 196]%. Note that an LBIS of size k is
also an LBQIS of size k for a graph G, but the converse is not necessarily true.

First, we prove the following theorem.
Theorem 3.2 Computing the syntenic distance is NP-hard if the LBQIS problem is NP-hard.

The proof of the above theorem is as follows. Given an instance (G, k) of the LBQIS problem as
mentioned above, we create an instance S(2n—k+1,2n — k+ 1) of the synteny problem containing
the following sets (assume that U = {uq,us,...,u,} and V = {v1,ve,...,v,}):

(a) S =A{u,us,...,Upn,0a1,89,...,0,_,b}.
(b) X; = {u; | (uj,v;) e E}U{b}forl <i<n.

(¢) Vi={b}for1 <i<n-—k.

We refer to the elements uq,us,...,u, (resp. ai,as,...,a,—k) as the u-elements (resp. a-
elements) and the sets X, Xs,..., X, (resp. Y1,Ys,...,Y,,_) as the X-sets (resp. Y-sets). For
two given sets {u},uh,...,u} C U and {v,v5,...,v,} CV, we define the following notations for
convenience:

e Phb=Sand P,=P,_1 —{a;})for 1 <i<n—k.

*In [7, page 196] the largest balanced complete bipartite subgraph problem is shown to be NP-complete, which is
same as the largest balanced bipartite independent set on the complement of the graph



¢ Qr =P, pand Q;_1 =Q; — {u.} for 1 <i<k.

¢ Ro=Qoand R; = R; 1 —{up;}for 1 <i<n—k.
Notice that R,,_; = {b}. The following lemma will complete the proof of Theorem 3.2.
Lemma 3.1 G has a LBQIS of size k if and only if D(S(2n—k+1,2n—k + 1)) =2n — k.

The proof of the “only if” part of Lemma 3.1 is straightforward. Assume G has a LBQIS
(U, V') of size k. Let U —U' = {uj 1, 9, -t} and V =V’ = {vj1,05,...,v,}. An
optimal syntenic sequence of 2n — k moves consists of the following moves:

o First,fori=%k+1,k+2,...,n, perform the translocation (Pi_k_l,X%_H) — ({ai—x}, Pi—k).
Notice that after the last move we have created the set Qg = P,_p.

o Next, for ¢ = k,k — 1,...,1, perform the translocation (Q;, X,;) — ({u}},Q;—1). Notice
that after the last move we have the sets Qo = U — U’, Y1,Y5,...,Y,,_} still remaining to be
processed.

e Fori=1,2,...,n— k, perform the translocation (R;_1,Y;) — ({u},;}, R:).

Before proceeding with the proof of the “if” part of Lemma 3.1, we need a few definitions and
results.

Definition 3.1 A connected instance S(n, k) of the synteny problem is exact if n = k and D(S(n, k)) =
n—1.

Definition 3.2 Let S(n, k) be an instance of synteny. A move on S is called a splitting move if
it increases the number of components of S by one and it is called a non-splitting move otherwise.

Definition 3.3 Let S(n,n) be a connected instance of synteny. A splitting move on S(n,n) is
called a balanced move if it creates two subproblems S1(n1,n1) and Sa(ne, n2) for some ny and ns.

A splitting move must be a translocation or fission since fusions cannot increase the number
of components. In the case of a translocation, it must operate on sets in the same connected
component. A balanced move must be a translocation since fissions increase the total number of
sets.

Lemma 3.2 Fvery move in any optimal move sequence for an exact instance of synteny is a
balanced move on a connected component.

Proof: Let S(n,n) be an exact instance of synteny and let ¢ = (o4,...,0,-1) be an optimal
move sequence. Since S(n,n) is connected, each move of o must be a splitting move. Assume o,
splits S(n,n) into two subproblems S1(n1, k1) and Sa(ns, k2), where ny + ny = k1 + k2 = n. (Note
these problems have disjoint alphabets.) Since each subsequent move must act on a connected
component of the current problem, we can partition (o, ..., 0,, ) into two subsequences that solve,
respectively, &1 and S,. By optimality of o, these subsequences must be optimal move sequences
$0

D(Sl(nl, kl)) + D(Sz(nz, kz)) = D(S(n,n)) —1=n-2.



By Proposition 2.4 and the fact that S;(n;, k;) is connected, D(S;(n;, k;)) > max(n;, k;) — 1. Thus
n; = k;. [ ]

Notice that the instance of the synteny problem created in Theorem 3.2 is exact. Proof of
Lemma 3.1 is complete if we can prove the following lemma.

Lemma 3.3 If D(S(2n—k+1,2n—k+ 1)) = 2n — k. then G has a LBQIS of size k.

Proof: Let o = (01,09,...,02,-1) be any optimal move sequence. By Lemma 3.2, every move is
a balanced translocation.

First, we claim that, after a possible reordering of the indices of the a-elements, the move o}, for
1 < j < n— k, must be a translocation (P;_1, Xy) — ({a;}, P;) for some £ € {v1,vs,...,v,}. For
contradiction, assume this is not the case and rearrange the indices of the a-elements, if necessary,
so that j < n—k is the least index such that o; violates the condition. Since o; must be a splitting
translocation, it cannot translocate two X-sets, an X-set with a Y-set, or an Y-set with P;_;.
Hence, o; must translocate an X-set with P;_;. Let o; = (Pj_1,X;) — (P, P”). Assume that
b € P"” (and, hence b ¢ P'). Since o; must be a balanced move, P/ must contain at most 1 a-element
and at most 1 u-element. If P’ does not contain any a-element, o; does not violate the condition.
Otherwise, P’ contains exactly one u-element u; and no a-element. Then, modify o; such that the
two elements u; and a; exchange their places in P’ and P” and then o; satisfies our condition.

Hence, after the move o,,_j,, we have the set Q = P,_ = {u1,u2,...,up, b}, thesetsY1,Ys, ..., Y,
and some k X -sets, say X,,,, Zq,, ..., Xy,. Then, by essentially the same reasoning as before, after a
possible rearrangement of the indices, the move o, for n—k+1 < j < n, must be the translocation
(Qn—jt1> Xon_j41) — ({tn—js1}, @n—j). This implies that (u;,v;) ¢ Efor 1 <i<kandi>j. N

This completes the proof of Theorem 3.2. To complete our proof of Theorem 3.1, it is sufficient
to prove the following theorem.

Theorem 3.3 The LBQIS problem for bipartite graphs is NP-complete.

We will reduce LBIS to the LBQIS problem. Assume that we are given an instance (G, k) of the
LBIS problem, where G = (U,V,E), U =V = {1,2,...,n}. We create an instance (G’, k') of the
LBQIS problem, where k' = k> +k, G' = (U, V/,E"), U = V' ={[i,j]| 1 <i<k+1,1<j<n},
and E' = F; U E, consists of the following edges:

Bro= {(l&,4),15,0) [ e < 5}
Ey = {(l&:kL05,0) 424, (k1) € B}

Intuitively, we use the amplification technique (see, for example, [14, page 428-429]) and “blow up”
the graph G by using k + 1 copies of it with some additional edges. We will prove the following
lemma showing the correctness of our reduction.

Lemma 3.4 G has an LBIS of size k if and only if G' has an LBQIS of size k'.

The proof of the “only if” part of Lemma 3.4 is easy. Let U; C U and V; C V be an LBIS of G
of size k. Assume, wlog, that U; = Vi = {1,2,...,k}. Let U] = V] be the following permutation
of a subset of k2 + k vertices of G':

[1,1],11,2], ..., [1, k], [2,10,[2,2], ..., [2, k], ., [+ 1,1, [k + 1, 2], ..., [k + 1, k]



Then, U] and V induces an LBQIS of size k¥’ in G.

The proof of the “if” part of Lemma 3.4 is more involved. Let o7 and o2 be a permutation of
the vertices in U’ and V', respectively, which realizes an LBQIS of size k' = k2 4+ k. One crucial
step in the proof is the following lemma which says that o1 and o5 can be decomposed in k + 1
modules.

Lemma 3.5 (Rearrangement lemma) There exist integers p1,p2, ..., Pkt1 > 0, p1+p2+---+
Pry1 = k% + k, such that o1 and o5 may be assumed to be of the following forms:

o1 = ([1,21],.. S, [2,23],..., (2,257, ..., [k + 1,1:,1“_1], ookt 1,J:§'f|_+11])

oy = ([Lyals - (Lo ] 2,950, (2,857 TR+ Lyl - [+ L yhh)
where J:f,yf € {1,2,...,n} and p; = 0 means that that sequence Lpi,y;i],[pi,ygi],...,Lpi,ygl?] 18

absent.

Proof: We may first assume without loss of generality that the permutations are
g1 = ([17 JZ%], RS [17 mllol]v [27 J)%], RS [27 mgz]’ RS [k + 17 mllc-l—l]v RS [k + 17 miﬁj-ll])

o2 = ([Lyil,- - [LyR), 12, 95), - [2,98), ... [k + 1,y,i_|_1], ookt 1,yZ’f|_+11])
Then clearly ¢1 < p1, 1+ ¢ <p1+p2, .- g1+ ...+ g < p1+ ...+ pr because of the edges in F;.
Since Ef"’ll g = Ef"’ll pi = k% 4+ k, qpy1 > pry1. Define A = {i|[j,7] € o1}.

If |A| > qg11, then we can modify the suffix [z, z ] 2, a:”l], o [k 4+ 1, 2054 of oy with length

. k+1
@r+1 so that @7, ... i'_fll are all distinct elements of A. Hence we can replace it with the sequence
[k+ 1,2, [k+1, Hl] ..., [k+1,23:%']. The proof is then completed by induction.

Otherwise, suppose |A| < gxy1. Then Qk+1 > P1,---,Pk+1. In particular, gr41 > p1. Now we
can modify the prefix [1,yi],[1,%?],...,[4, y!] of o5 with length p; so that y7,...,y! are all distinct
elements of {y,i_l_l, .. ,yZ'_“I_Jrll} Hence we can replace it with the sequence [1,yi],[1,%7],...,[1,¥!].
The proof is again completed by induction. [ |

Now, to complete the proof of Lemma 3.4, note that we have the following two cases.
Case 1. There exists 7 > j such that p; > k and p; > k. Then, there is no edge between the vertices

[pi, 23], [Py 23], - - [piy 28] and [pj, 951, [P, 93], - -, [Py, wpj]. Since i > j, by our construction of
G’', G must have an LBIS of size at least k con51st1ng of the vertices U; = {z} ,abi} C U

a‘nd V]. = {yp]"yp]" . 7yp]} C V
Case 2. There are no such pair of indices as in Case 1. Let £ > 2 be the largest integer such that

2
pi? p"‘

p: > k. Now, we have two cases:

a) There is no such ¢. In this case, p; = k2 + k — (2] p;) > 2k.
=2

b) Otherwise, p; < k for ¢ # t and hence again p; > 2k.

( » P gain p; =~

Hence, in either case, there exists an index j such that p; > 2k. Then, the vertices U; =
{mf’,azf’ 1,..., z; k+1} CUand V] = {yj,yj,.. ,yj} C V form an LBIS of size k for G. This
completes the proof of Lemma 3.4.
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4 A Simple Approximation Algorithm for the Synteny Problem

In this section, we describe a polynomial time approximation algorithm for the synteny problem
with performance ratio 2.

Theorem 4.1 Let S(n, k) be an instance of the synteny problem. Then, it is possible to approwi-
mate D(S(n, k)) with a performance ratio of 2 in O(nkA™'(nk, k)) time (if the input is not in com-
pact representation, then the time taken is O(nkA™1(nk, k) + u), where p is the time to transform
a given instance of the synteny problem to its compact representation as stated in Proposition 2.3).

Proof: Assume, without loss of generality, that n > k. Assume S(n, k) has p components and let
n; (tesp. k;) be the corresponding number of elements (resp. number of sets) in the i** connected
component of G(S5). Our simple fusion-fission algorithm is as follows. First, find the connected
components of G(5). Then, for each connected component, repeatedly use fusion until only one set
is remaining and then repeatedly use fission to separate the remaining elements from the set. In all,
we perform Y2 (n;+k;—2) = n+k—2p < 2n— 2p moves. By Proposition 2.4, D(S(n, k)) > n—p,
and hence a performance ratio of 2 is achieved. Note that the approximation algorithm uses no
translocations.

Now, we analyze the time complexity of our approximation algorithm. Converting the given
instance of the synteny problem to its compact representation, if necessary, takes O(u) time.
At the end of this preprocessing, the compact representation consists of k sets 51,5s,...,5; C
{1,2,...,n}, each set being represented by a list of its elements. The remaining time bounds are
as follows:

(1) Since each set is represented by a list of its elements, scan the sets Sq,Ss,..., Sk, collecting
for each element 7 € {1,2,...,n} the indices of sets, denoted by I;, in which it appears. This
takes O(kn) time. Notice that |I;| < k for all 3.

(2) Use k MAKESET operations to create k disjoint sets, say {1}, {2},..., {k}.

(3) For every element ¢ € {1,2,...,n}, do a SET-UNION on the sets that contain the indices in
I; using both the union by rank and path compression heuristics (before doing SET-UNION,
one must check by doing two FIND-SET operations if the two sets are not already together).

(4) Finally, do a FIND-SET for every index 1,2,...,k to find and collect the indices of the sets
in the same connected components, using both the union by rank and path compression
heuristics.

We do a total of at most 4k + nk set operations on a set of k elements. Hence, the total time to
find the connected components is O((4k + nk)A~1(4k + nk,k)) = O(nkA~'(nk,k)) (see [5, page
449]). It can be easily seen that the remaining time of our heuristic (for fissions and fusions) is at

most O(nk). [ |

Remark 4.1 The performance ratio 2 of the above heuristic is tight. Let the instance S(n,n)
consist of the n sets {1},{1,2},{1,2,3},...,{1,2,...,n}. Then, D(S(n,n)) =n — 1, whereas our
heuristic takes 2n — 2 mowves.
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It is possible to use a few less moves (i.e., use n + k — 3p moves instead of n + k — 2p moves,
assuming every component has at least 2 elements and at least 2 sets) if we replace the last fusion in
our heuristic by a translocation which separates one of the elements from the rest, but this will not
improve the performance ratio asymptotically. However, this shows that at most 2D(S(n,k)) — 1
moves suffice for this slightly modified version of our approzimation algorithm.

5 Linear Synteny

The move sequences used in the NP-completeness proof and (without loss of generality) produced
by the approximation algorithm have a particular form. There is a merging set A that is initially
one of the input sets. The first £ — 1 moves are either fusions or very restricted translocations
between A and an input set. The restriction on translocations is that only translocations that
produce a singleton set {j} such that j does not occur in any other set are allowed. The remaining
moves are fissions on A that create singleton sets. In this section we study this restricted problem.

Let S(n,k) = {S1,..., Sk} be a connected instance of synteny and let 7 be a permutation of
[1,...,k]. The linear move sequence o, for S(n, k) is defined as follows.
1. Let Al = Sﬂ-l.

2. Fort=1,2,...,k—1

(a) If there is j € A; U Sy, that is not in LJi?Zi_'_sz'ﬂ,Z then choose the smallest such j and
set 0; = (Aiv Sﬂ'i+1) - (Ai-l-lv {]}) where A4 = (Al U Sﬂ'i+1) - {]}

(b) Otherwise o; = (Aj, Sryyy) — Aiga.

3. Fori=k,...,k+|Ax|—1, let j be the smallest element in A; and set o; = A; — (A1, {j})-

If S(n, k) is not connected, a linear move sequence is a partition of the connected components of
S(n, k) and a linear move sequence for each.®> We let D(S(n, k)) denote the length of the shortest
linear move sequence for S(n, k).

Since the NP-Completeness proof uses linear move sequences, D(S(n, k)) is hard to compute.
Since the approximation algorithm can be easily transformed into a linear move sequence that is
no longer (by splitting off singleton sets whenever permitted by the definition of such sequences)
and D(S(n,k)) < D(S(n, k)), this algorithm gives a 2-approximation of D(S(n, k)). Note as well
that the optimal move sequence for the example given in Remark 4.1 is a linear move sequence so,
as in the general case, the 2-approximation bound is tight for this algorithm.

It remains open whether one can approximate linear synteny by a factor better than 2, but this
problem seems easier to analyze than the general synteny problem. The following theorem says,
in fact, it suffices to improve the approximation bound for linear synteny since any such algorithm
yields a better approximation for the general problem.

Theorem 5.1 If linear synteny can be approzimated within a factor of ¢ in polynomial time then
for any € > 0, general synteny can be approzimated within a factor of ¢ + € in polynomial time.

3If for example an input is {1}, {2},...,{n} then no moves are required in either the original or linear versions of
synteny.
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In the next section we show that instances of the synteny problem where the distance is a fixed
constant can be solved exactly in polynomial time. Thus, in order to prove this theorem we can
limit our consideration to instances of synteny where the distance is sufficiently large. Therefore,
the theorem follows directly from Lemma 5.1 which is the main content of this section.

Lemma 5.1 Let S(n, k) be an instance of synteny. Then
B(S(n, k) < D(S(n, k) + logajs D(S(n, F))).
To prove this lemma we need the following definitions.

Definition 5.1 Let S(n, k) be an instance of synteny and let o be an arbitrary move sequence for
S(n, k). The move digraph Gu(S, o) contains a verter for each move in o. If o; creates a set S
that is input to o; then Gpr has an edge from o; to o;. (Note that we think of each occurrence of
a set as being “tagged” by the move that created the set and the move that consumes the set. Thus
each occurrence of an intermediate set is associated with exactly one directed edge in Gps.)

We point out that Gy implies a partial order on the moves in ¢ and any consistent total order
yields a move sequence for S(n, k). If o is optimal, each total order yields an optimal move sequence
for S(n, k). Note that Gy is directed, acyclic and each node has in-degree and out-degree at most
2. A directed graph is weakly connected if it is connected when its edges are considered in an
undirected sense.

Definition 5.2 Let G be a weakly connected, directed acyclic graph on n nodes. An f(n) directed
biseparator of G is a non-empty subset of edges A whose removal partitions G into two weakly
connected components G1 and Gy such that each has between f(n) and n — f(n) nodes. Further,
for every < u,v >€ A, u € G1 and v € Gs.

The proof of Lemma 5.1 uses the following graph-theoretic lemma whose proof can be found in

[9].

Lemma 5.2 Let G be a weakly connected, directed, acyclic graph on n nodes where the in-degree

and out-degree of each node are each at most 2. Then G has a % directed biseparator.

Proof of Lemma 5.1: Because of the form of Lemma 5.2, all logarithms in this proof are to the
base 4/3. Let ¢ be an arbitrary move sequence for S(n, k) = {51, ..., Sk} of length d. To prove the
bound it suffices to prove the case where o consists solely of translocations. To see this, notice first
that by Corollary 2.1 we may assume that fissions occur after all translocations which occur after
all fusions. At the end of the fusion/translocation stages, the current sets T4, ..., T, are disjoint.
Create a new instance of synteny by renaming each j in the current set 7; as a@; in the original
instance. Thus the fusion/translocation stages of o solves the new problem. Suppose o is a linear
move sequence that solves the new problem and has length < d’ + logd’, where d’ is the length
of the fusion/translocation stage of ¢. Then running o, on the original problem requires d — d’
additional fissions and has length < d 4 logd’ < d + logd. So assume that o consists of fusions
followed by translocations. Consider the synteny instance T4i,...,T, created by the last fusion.
Suppose o is a linear move sequence that solves this problem and has length < d’ +1log d’, where d’
is the number of translocations. For each T}, let ; be an arbitrary ordering of the sets that were
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fused to create Ty, and let 7’ = 7] - 4 - - -7;. Then o, has length at most d + logd’ < d + logd.
(In other words, we are performing “just-in-time” fusions to create the sets T; as demanded by
the linear move sequence o,.) Thus, since prefixes of fusions and suffixes of fissions can be made
linear without increasing their length, we will now focus on substrings of moves consisting only of
translocations.

Notice in this case that n = k. If d = 1 then o is already a linear move sequence so assume
d > 2. First consider the case where Gp/(S(n, k), o) is connected. Note that Gps has d nodes.

By Lemma 5.2, there exists a d/4 directed biseparator A of Gp(S(n,k),0). Let G1 and Gs
be the two weakly connected components created by removing A. Assume G; has d; nodes; note
d1 + ds = d. We construct two new synteny instances as follows.

So: Each edge e of A corresponds to a set 7T, that is passed to a node of G5. The instance S
consists of these sets T,,e € A, plus any of the input sets of S(n, k) that are input to Gs.
Notice that any move sequence implied by G (i.e. consistent total order on its nodes) is a
move sequence that solves S;. Since each move is a translocation, &» has the same number
of sets as elements; let ns be this number.

Sp: Initially let S; consist of the input sets of S(n, k) that are input to nodes of G;. A move
sequence implied by G; does not typically solve S; because the sets T,,e € A, may not be
disjoint singleton sets. To fix this, let us first rename an element j that occurs in the set 5y of
81 as [4,£]. Carry the renaming through the moves of o. In particular, if the two input sets
to a move contain [§,1] and [j, 2] respectively, and only one of the output sets of the move
contains the element j then associate both [7,1] and [7,2] with this element j. (Recall that
we can assume without loss of generality that each element j is present in at most one of the
output sets of a translocation.) Then for each T, create a new dummy name a.. For each
[7,£] € Te, rename [4,£] as a. in S;. Finally, each final set that is not an input to Ss must
consist of elements [7,£] where the first component is a fixed j and the second component
ranges over all possibilities. Restore the original name, j, for all such pairs. Note that the
same element 7 might end up receiving different names if the various occurrences of j end
up in separate sets T, for e € A. With this renaming a move sequence implied by G4 solves
S1. As above, §; has the same number of sets as elements; let n; be this number. Let

Wy = {acle € A}.

Inductively assume that there is a linear move sequence o; with associated permutation 7; for
S; of length < d; —|—10g4/3(di). Let 7 be the order on the sets of S induced by 7; followed by 75. We
claim that a modification of o, has length at most d + max(logy/5(d1),logy/3(d2)) + 1. The lemma
follows since

3n
logy/s(n) > 1+ 10%4/3(1)-

For the accounting we’ll modify o, slightly to create its singleton sets in a way we can count.
In the following A ;, As; and A; denote the current merging set of, respectively, oy, , o, and o,
before their j-th move. During the first n; —1 merges o, matches the moves of o, . By this we mean
that when o, creates a singleton {j}, o, creates the same singleton provided j ¢ Wy. If j € W,
then o, simply performs a fusion at that step. The n;-th move of o, is a fusion of A,,, with the first
set in the ordering for S;. In the remaining moves it matches the first n, — 1 moves of o,,, except
those involving sets T.,e € A, during which o, makes no move. Finally, the sequence includes
whatever fissions are necessary to end up with singleton sets. Let W5 be the set of singletons
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created by o, in translocations with the sets T,,e € A. Notice that A, = (A1, UUeep Te) — Wn
and An = (Alﬂ"ﬂ - Wl) U A27n2 U Wz. Let r1 = |A17n1 - W1| and o = |A27n2|.

As described o, is somewhat wasteful. No element of A;,, —W; exists in an S, set. If there are
f fusions in all but the first n; — 1 moves of o, we can replace min(ry, f) of them by translocations
creating singletons from A;,, — W;. The sequence o,, together with the n’ih move contains rs
fusions of which |A| — |W3| involve sets T.,e € A. The remaining have corresponding fusions in o.
Since Ay 5, and As,,, are disjoint, the modified move sequence ends with a set A,, where

|A,| =71 + re —min(ry, re — |A] + [Wa|) + |Wa| = max(ry,rs — |A| + |[Wa|) + |4].

An additional |A,,| — 1 fissions are needed. The number of moves we have performed in o is
n — 1 and taking into account the additional |A,,| — 1 fissions we have to perform, we must show:

d + log, 5(d) n + max(ry, 7y — |A| + |[Wa|) + |A] — 2

n1 + ng + max(ry, v — |A| + |[We|) — 2.

v

since n = ny + ny — ||4]].
First consider the case 7y > ro + |W2| — |A]|. Since by induction

di +1ogys(d1) > m1—1+4[Aq,| -1
> ny+r -2

(as 71 = |Aq1,, — Wi|) and d3 > ny — 1, we have

ny + ne + max{ry,rs + |[Wa| — |A|} — 2 ny+ng+r —2

di + 10g4/3(d1) +dy+1
d—|—log4/3(d1) +1

d +log,/3(3d/4) + 1

d ‘I‘ 10g4/3 d

VA VAN

So in this case the length of the modified sequence for the overall problem is at most d+log, /3 d.
Next, suppose ro — |A| + |[W3| > r1. Again by induction ds + 10g4/3(d2) > ng 47y —2 >

ng + 7o — (|A] — |[W2|) — 2 (since (]A| — |W3]|) is non-negative) and dq > ny — 1. So we have

n1 + ng + max{ry,rs + |[Ws| — |A|} — 2 ny+mng+ 7o — (|4 — [Wa]) — 2
ds + 10g4/3(d2) +di+1

d +logy/3(dz) + 1

d +log, 3(3d/4) + 1

A IA

Finally we consider the situation where Gjs has more than one component. We consider the
components of Gps in decreasing order of size (number of moves) and assume by Lemma 5.1
that we have found a good linear move sequence for each component. Now when considering the
i*h component we perform the fusion and translocation moves in the linear move sequence for
this component. If there are elements left in the set A being carried at this point, we perform a
translocation of A with the first set in the linear move sequence for the (i 4 1)** component and
produce one of the elements of A as a singleton. Whenever we perform a fusion in the future, we
can instead make this move a translocation and produce any remaining element of A. Thus, it can
be seen that the overhead of the entire linear move sequence is at most log, 3(n1) where n; is the

size of the first component.
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6 Optimal Syntenic Sequence When the Distance is Bounded

In practice, it may be the case, that the synteny distance between two genomes is bounded, and
one is interested in finding the optimal sequence of synteny moves between the two genomes. The
following theorem states our result in this regard.

Theorem 6.1 Let S(n, k) be an instance of the synteny problem with D(S(n,k)) < d. Then, an
optimal sequence of synteny moves for S(n, k) can be computed in O(nk + 20(‘12)) time.

We need to prove a few results before proving Theorem 6.1. As usual, we may assume n > k
without any loss of generality.

Lemma 6.1 If D(S(n,k)) < 3 — 1, then S(n, k) has one connected component containing just the
set {a;} for some 1 <i<n.

Proof: Assume G(S5)has p > 1 connected components Cy,...,C), and let n; > 1 (resp. k; > 1) be
the number of elements (resp. number of sets) in C;. Suppose S(n, k) has no connected components
consisting of a singleton set, i.e., n; + k; > 3 for all . Thus, n+ k= Y.0_,(n; + k;) > 3p, implying

p < 2?" But, by Proposition 2.4, p > n — D(S(n, k)) > 2?11 + 1, a contradiction! |

Lemma 6.2 Assume that a given instance S(n, k) has a connected component containing only the
set {a;}. Let T(n— 1,k — 1) be the instance obtained by removing the element a; and the set {a;}
from S(n, k). Then, D(S(n,k)) = D(T(n—1,k—1)).

Proof: Obviously, D(S(n,k)) < D(T(n—1,k—1)). Conversely, assume that an optimal sequence
for S(n, k) translocates the set {a;} with some other set. We do not perform this translocation,
but proceed with the remaining moves assuming that the element a; is carried to subsequent
sets. Finally, we must have a translocation or fission separating a; from other elements. If it is a

translocation, we replace it by a fusion, whereas if it is a fission, we do nothing. So, in fact we save
moves by not translocating a;. Hence, D(T(n — 1,k — 1)) < D(S(n, k)). [ |

We now proceed with the proof of Theorem 6.1. By repeatedly applying Lemma 6.2, given
an instance S(n, k), we can derive an instance T'(n/, k) such that n’ < n, k' < k, n’ > k' and
D(S(n,k)) = D(T(n',K)) > %/ Hence, it is sufficient to prove the theorem when n > k and d > 3.
By Lemma 2.2, we know that it is sufficient to do at most «; fusions first, at most a, translocations
next and at most as fissions at the end, for every choice of ay, as, az > 0 such that a; +as+as < d.

The total number of choices of ay, as, az > 0 such that a; + as + az < d is at most
i1+ 3 . i+ 3 . 3\ _ oO(logd)
> (1) 2, (7)o
0<i<d 0<i<d

For every such choice, we count the total number of possible alternative moves we may have to
perform. First, we count the total number f of sequences of fusions we need to look at. Clearly,

] ay 2\ @1 2\ o1 o d
f<a ] (k i+ 1) < d(k) <d (k_) <d (n_) <d (%) _ 90(dlogd)
1<j<en 2 2 2 2 2
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Next, we count the total number ¢ of sequences of translocations we need to look at. Since there
are at most 2" — 1 ways to translocate two sets,

@ 29\ ¢ 209n\ ¢ 263d\ ¢
e (()er-) < (57) < (57) < (57) =
2 2 2 2

Since all the fissions are done at the end, it suffices to consider a single canonical sequence of doing

them. Hence, the total number of sequences of moves to consider is at most
90Uogd) . ¢ 4 _ 90(d*)

Finally, our algorithm should do the following for each of the above 20(d*) move sequences:

(i) Simulate the sequence
(ii) Test if it solves the given input instance

(iii) Retain the shortest solution sequence.

Since any move can be performed in O(n) time and the sequence is of length at most d, the
time taken for (i) is O(nd) = 20{°¢d),

Time taken for (ii) is O(kn) = 200°89) since one just needs to check if the final collection of
sets is {1},{2},...,{n}.

Time taken for (iii) can be bounded as follows. The fusions in the sequence can be represented
in O(k) space, the translocations can be represented in O(dn) = O(d?) space, and all the fissions
can be represented in only O(1) space, hence the total space taken is O(d?). Hence, to retain the
current best sequence takes only O(d?) = 200029 time.

Hence, the total time taken by (i), (ii) and (iii) for a particular sequence is 2°1°69) As a result,

the total time for all the sequences of moves is 20(d*) . 90(logd) — 90(d*)

Finally, we need to consider the time to preprocess the input S(n, k) to obtain an instance
S(n', k') for which k¥’ < n’ < 3d. This just involved deleting all singleton sets containing an element
that occurs in no other sets, and can be easily done in O(nk) time.

Combining all the time, the total time taken by our algorithm to compute the optimal synteny
sequence is O(nk + 20(4),

7 The Median Problem

The median problem arises in connection with the phylogenetic inference problem[6] and defined
as follows. Given three genomes G;, G, and Gs, construct a genome G such that the median
distance ag = Y.3_, D(G,G;) is minimized and also compute the value of the median distance
ag corresponding to the median G (while computing the syntenic distance between two genomes,
we delete any elements that is not common between the two genomes). Without any additional
constraints, this problem is trivial, since we can take G to be empty (and then ag = 0). In the
context of syntenic distance, any one of the following three constraints seems relevant [6]:

(c1) If a gene is present in all the three given genomes, then this gene must be present in G.

17



(c2) If a gene is present in at least two of the three given genomes, then this gene must be present

inG.

(¢3) If a gene is present in at least one of the three given genomes, then this gene must be present

inG.

Lemma 7.1 Computing the median distance is NP-hard with any one of the three constraints (c1),
(c2) or (c3).

Proof: We reduce the synteny problem to this problem. Let G; and G- be the two genomes of
any instance of the synteny problem and let d = D(G1,G2) > 0. The NP-hardness reduction of
Section 3 shows that we may assume that both G; and G, contain the same set of genes. Let Gy, G;
and G, be the three genomes for the corresponding median problem. Assume that G is the solution
of the median problem (under any one of the constraints). If G # G;, then ag > d+ D(G,G1) > d;
but if G = Gy, then ag = d. Hence, ag is precisely the syntenic distance between G; and G, and
determining ag determines d also. [ |

The next lemma shows that there is an easy polynomial time approximation algorithm for the
median problem with performance ratio close to 4. Let n; (resp. k;) be the number of elements (resp,
number of sets) in the three given genomes G;. Let n = max{ni,ns,n3}, and k = max{ki, ko, ks}.

Lemma 7.2 We can approzimate the median distance in O(nkA~ (nk, k) + 2°0(4/)) time (under
any one of the constraints (c1), (c2) or (c3)) with ratio 4 + € for any constant € > 0.

Proof: Let G1, G» and G3 be the three given genomes and d > 0 be the optimal median distance.

First, consider the case when d < % Then, we can solve the median problem by an exhaustive
search as follows:

I) Arbitrarily pick one of the three given genomes, say G;, and enumerate all genomes G’ such
(I) y P given g , say G, g

that D(G’,G1) < 2.

The time taken for this can be bounded as follows. First, we need to preprocess G; (by
repeatedly applying Lemma 6.2 using Lemma 6.1) such that the modified G; has k' sets over
n' elements with k' < n/ < 32. This preprocessing takes O(nk) time. Now, we generate G’
by applying at most % moves on this preprocessed G;. ;From the analysis given in the proof
of Theorem 6.1 in Section 6, there are at most 20(4/¢*) such sequences, hence at most these
many G’ will be enumerated. The time to generate each such G’, given the sequence of moves,

is O(n'2) = O(4/€%).

(IT) For each G’ generated in (I), evaluate Y7, D(G’, G;), and keep that genome G* that gives the

minimum sum.

We know that D(G’,G;) < % for 1 <7 < 3. Hence, to find Ef’zl D(G',G;) for each G, all that
we need to do is to start with the genome G’, and find the shortest sequence of moves that
transform G’ to G; for 1 < ¢ < 3, and finally retain the genome that gives the minimum sum.
By our analysis in the proof of Theorem 6.1, this can be done in 20(4/¢) time.
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Thus, if d < %, the total time taken by our algorithm is:
O(nk) + 2004/<) (0(4/62) T 20<4/62>) -0 (nk + 20(4/52))

which is polynomial time since ¢ > 0 is a constant.

Next, we need to consider the case when d > 2. It turns out (as shown below in (1),(2) and
(3)) that, for this case, selecting any of the 3 given genomes, possibly with a constant number of
additional sets, gives a performance ratio of 4+ € with any of the constrains (c1), (¢2) or (c3). Since
we do not know the value of d in advance, the complete approximation algorithm works as follows:

e For the given value of ¢, enumerate all G’ to find the best G* (if any) as describe above. If we
find such a G* within a median distance of %, we select this G* as the median. Obviously, we
have an optimal solution in this case.

o Otherwise, select any of the three given genomes, possibly with a constant number of addi-
tional sets (as described below), as the median. The proof below shows that this approximates
the median problem with a performance ratio of 4 + e.

Now, we turn our attention to prove that, if d > %, selecting any of the 3 given genomes, possibly

with a constant number of additional sets, gives a performance ratio of of 4 + ¢ with any of the
constrains (cl), (c2) or (¢3). Note that Remark 4.1 in Section 4 states that if the optimal syntenic
distance between two genomes is d, then 2d — 1 moves suffice for the approximation algorithm.
(1) First, consider the median problem with constraint (c1). Discard all genes which are not
present in all the three genomes®. Let d; = D(G1,Gs), d2 = D(Gs,G3) and ds = D(G3,G1),
d = max{d;, ds,ds} and G be any optimal solution of the median problem. Then, ag > d. Assume
that we have computed approximations d}, d5, d5 of d1, ds, ds, respectively (d; < 2d; — 1) using the
slightly modified approximation algorithm of Section 4 as mentioned in Remark 4.1. This takes
O(nkA~1(nk,k)) time. We propose any of the given genomes, say G,, as an approximate median
genome and d] + dj as the approximate value of the median distance. Our approximate median
distance is d} + d} < 4d — 2, and hence a performance ratio of 4 is achieved.
(2) Next, consider the median problem with constraint (c2). Discard all genes which are present
in just one genome. Let d; = D(G1,G2), do = D(Gs,Gs) and ds = D(Gs,G1), d = max{d;, ds, ds}
and G be any optimal solution of the median problem. Since removal of genes can never increase
the synteny distance, ag > d. Assume again that we have computed approximations d}, d5, d5
of dy,ds, ds, respectively (d; < 2d; — 1), in O(nkA~1(nk,k)) time. We select any of three given
genomes, say G, as an approximate median. The problem is that any solution of the constrained
median problem may have to contain genes which are not present in G,. The following are the
various cases:

o Genes which are present in all the three genomes. These genes will be used in computation
of all the syntenic distances and hence pose no problems.

¢ Genes which are present in G, and one of G; or G3. Following the heuristic presented in
Section 4, it is not difficult to see these genes also pose no problems (they will be ignored
in the computation of one syntenic distance, but since the heuristic is a simple fusion-fission
heuristic, they can always be included and placed in appropriate sets without increasing the
syntenic distance).

Tt is easy to see that removal of genes can never increase the synteny distance
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o Genes which are present in G; and Gz but not in G,. Let X be these sets of genes. Since the
heuristic presented in Section 4 is a simple fusion-fission heuristic and since in the compact
representation of G», X is equivalent to a singleton set, simply including an additional set X
in G» will increase each of d} and d’, by at most one.

Hence, we can construct an approximate median G} with an approximate median distance of at
most (df + 1) + (d + 1) < 4d, thus achieving a performance ratio of 4.

(3) Finally, consider the median problem with constraint (¢3). We use essentially the same approach
as in (2) to select any of the three given genomes, say genome Gs, as our approximate median. We
have already described in (2) above how to take care of elements which appear in just two of the
three genomes. Hence, we only need to describe how to include genes which appear in exactly one
of the genomes G; and G3. Let X be the set of genes which appear only in G;. Then, we include
the set X in our solution. It is easy to see that the simple fusion-fission heuristic of Section 4 will
need one additional fission to transform G; to G.. We do the same thing about genes which appear
only in Gs. In all, the total approximate median distance of our solution is at most 4d + 2, which
gives a performance ratio of 4 + 2 < 4 + ¢. Again, we take O(nkA~!(nk, k)) time. [ |

Remark 7.1 [1] After this paper was submitted, Andris Ambainis pointed out to the first author the
following improvement in the analysis of Lemma 7.2 that will give an improved performance ratio
of g +e€. Letd> %, and for simplicity, consider the median problem with constraint (c1). We use
the same notations as in the proof. Compute the approzimate distances dy,dS,ds (approrimating
the true distances dy, ds, ds, respectively, with performance ratio 2) and select the genome which has
the smallest sum of the approzimate distances to the two other genomes. Let G be the true median
and a1, as,as be D(G,G1), D(G,G2), D(G,Gs), respectively. Assume, without loss of generality, that
a; = min{as, as,as}. Hence, a; < % Then,

Our approzimate median distance

< di+df

< 2(dy +d3)—2

< 2(a1 + a2) + 2(a1 + as) — 2 (by triangle inequality)
< 2(a1 4+ az + ag) + 2a; — 2

< g(al—l—az—l—a3)—2 sincealgw

A similar argument (together with our inclusion of a few additional sets) gives the same performance
ratio for the constraints (c2) or (c3) also.

8 Conclusion

In this paper, we have proved several results concerning the complexities of efficient exact and
approximate computations of the syntenic distance between genomes. These results are mainly
theoretical. However, the (relatively easy) approximation algorithms for the synteny problem and
the median problem are also important as constructive results from the point of view of a practi-
tioner. The following problems still remain open:

e Can we approximate the synteny distance in polynomial time with a ratio better than 27
Does a PTAS for this problem exist? Omne possible direction of attacking these problems
could be to improve the lower bound of Proposition 2.4, especially for small values of p.
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e When the synteny distance is bounded, can we improve the time complexity further to com-
pute an optimal move sequence?
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